
Chapter 4
Waste dumps – tips, tailings and lagoons

4.1. Tips
Initially, waste heaps were formed by placing the waste by hand.
For instance, the so-called eighth hill of Rome, Monte Testaccio,
is actually a 35 m high pile of detritus. The heap contains the
fragments of nearly 25 million clay amphorae (two-handled jars
with pointed bases), which were used to convey olive oil from
the provinces to the heart of the Roman Empire. According to
archaeologists, the tip was initiated around AD 50; by around AD

150, it had evolved into one of the largest and most highly
engineered sites in the world, where amphorae were broken and
systematically packed by hand for stability. The most recent
fragments date from the third century AD. At first, waste materials
from quarries were transported manually and dumped in piles by
large groups of labourers (frequently slaves, as in ancient Egypt).
As the quantities of waste materials increased, they would be
hauled up inclines in carts and dumped over the edge of the tip.

At mines, as mechanisation was introduced, waste was end-
dumped from tubs or skips, which moved along railway lines.
There was no compaction of the placed fill. The waste pieces
would simply roll and slide down the heap until it achieved a
state of equilibrium, that is, a slope was formed with an incli-
nation corresponding to the angle of repose of the material, more-
or-less independent of the height of the spoil heap. This mode of
deposition of spoil means that the waste mass in older spoil heaps
is in a loose state with a high voids content. Instability of such
piles can be brought about in a number of ways.

■ Imposition of additional load, as would occur with dumping
of further spoil. However, localised ponding of water or even
the collapse of a large tree could also act as the trigger.

■ Saturation of a zone of the spoil and resultant reduction of its
shear strength. The saturation could be caused by rainfall,
blockage or damage of drainage pipes, or groundwater
beneath the waste.

■ Shaking of the heap, which leads to rapid densification of the
waste mass without fluid in the internal voids being able to
escape. Seismic activity would clearly be one possible cause
but blasting or quarrying and mining within the vicinity of
the heap could also act as the trigger.

■ Reduction of the strength of spoil close to the surface of the
heap as a result of weathering of the waste particles. Initially,
the fine material created by the degradation may provide
some compensation for the loss of strength by supporting
vegetation whose root systems act as reinforcement to the
spoil. However, if this upper zone becomes desiccated or
saturated, owing to extreme weather events, the vegetation
will die.

As mechanisation has progressed further, continuous conveyor
belts and aerial ropeways have been used to transport mineral
waste to the tipping point. After the Aberfan disaster in 1966, all
coal mining tips in the UK were properly engineered and formed
by placing the minestone waste in layers. In developed countries,
it is now common practice to form spoil heaps by spreading
waste in layers of controlled thickness and subjecting them to a
consistent compaction regime, as happens in conventional
earthworks. This process improves stability of the heaps and,
fortuitously, also increases the volume of waste that can be
accommodated.

4.2. Tailings dams
Tailings disposal began as the practice of dumping waste mate-
rial in a nearby stream or valley to form a structure that resembled
a dam, with a lagoon behind. As the quantity of tailings produced
has increased, disposal sites other than valleys have been
developed, using tailings to form embankments to contain a
lagoon; some of these embankments have become major works
of construction in their own right. Nowadays, the largest dams in
the world (in terms of their volume) are used to store tailings and
retain the process water in the slurried waste.

The creation of tailings dams and hydraulic fills is similar to the
old process of forming tips from dry spoil. However, the material
is deposited in a line rather than at a single point. At first, the
slurried tailings are placed just behind a low-height starter dam,
which would typically cut off a valley to form an impoundment.
As the coarse particles (sands) settle out of the slurry, a ridge
(which subsequently becomes the dam) is formed close to the
discharge line. The fine particles and process water flow away
from the ridge to form a basin with a pond (or lagoon), from
which water can be decanted and reused in ore treatment pro-
cesses. The slope of the front of the ridge corresponds to the
angle of repose of the coarse tailings. With ‘hydraulic-fill’ dams,
little is done to the dumped tailings apart from some levelling and
shaping of the ridge of coarse tailings to provide access and a
base for the tailings discharge system – there is certainly no
consistent attempt at compaction of the fill.

Over the years, mine operators have created several variations to
the foregoing generic dumping process.

■ In the upstream method of construction, the dam is raised by
dragging coarse material from previously deposited tailings
in the vicinity of the ridge face, as illustrated in Figure 4.1.
The dam is thus built in an upstream direction on top of
previously deposited unconsolidated fine tailings and is
prone to collapse when subject to vibration. In reality, this
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ABSTRACT Piles in a group are often connected through a cap which has a relatively small rigidity. In that case, the assumption of fully 
rigid cap adopted by some pile designers is misleading and can lead to an underestimate of pile deformations and an overestimate o f  fo rces 
and moments in the outer piles of the group, especially for larger groups. This may partially be due to a lack of readily availab le  n u m er ical  
codes, given that commercial software for pile group design is mainly based on the rigid cap assumption (e.g. Repute, PIGLET, DEFPIG, 
GROUP). In an attempt to overcome this limitation, this paper presents an extension of the Repute analysis to the fully-flexible cap (i.e. 
individual piles not connected by cap), a feature which is particularly useful in the design of large pile groups. Validity o f  th e  ap p ro ach  is  
assessed through comparison with alternative numerical analyses and a case history. In addition, a database of real cases is collated sho win g 
the relationship between the raft geometry and rigidity. Results provide guidance on the field of applicability of the rigid and flexible cap 
assumptions, indicating that most large rafts are likely to belong to the perfectly flexible category. 
 

1. Introduction 

A key aspect in the design of pile groups is the proper 
evaluation of the cap stiffness. For pile groups of small to 
medium size (say up to 25 piles), the assumption of rigid ca p  
is generally reasonable for practical purposes. However, a s 
the pile-group size increases, the cap stiffness is reduced a nd 
the following aspects need to be considered: 

• increase of differential settlements and angular 
distortion across the pile group; 

• more uniform load and moment distribution among 
the group piles. 

In current design practice, however, the above issue is not 
always correctly addressed and the assumption of fully -rigid  
cap is rather indiscriminately adopted. This may partially  be 
due to a lack of readily available numerical codes, given that  
commercial software for pile group design is mainly restricted 
to the rigid cap assumption, such as the Winkler-based 
approach adopted by GROUP (Reese et al., 2016), a nd  the 
boundary element analyses used by Repute (Bond and Basile 
2018), PIGLET (Randolph, 2004), and DEFPIG (Poulos, 
1990). More sophisticated numerical analyses are also 
available, generally based on the finite element  (e.g. Pla x is 
3D) or the finite difference (e.g. Flac-3D) methods. However, 
due to their complexity and high running costs (both in terms 
of computational time and efforts in da ta hand ling), these 
programs are not readily applicable to routine pile-group 
design and their use is confined to special cases (e.g. large 
piled rafts). 

In an attempt to overcome the above lim itation, th is pa per 
presents an extension of the Repute analysis (currently 
restricted to fully-rigid caps) to the case of a fully-flexible 
cap, i.e. individual piles not connected by cap. Accuracy  o f 
the proposed analysis is verified through comparison with 
alternative numerical solutions and a case history. In addition, 
in order to show the relationship between the ra ft  geometry 
and rigidity, a  number of well-documented real cases is 
examined. 

 

2. Analysis method  

The proposed analysis method is based on the 3D boundary 
element (BEM) solution implemented in the code 
PGROUPN, i.e. the calculation engine of Repute software. 
The analysis takes into account the simultaneous in f luence 
between all elements of all piles in the group, i.e. a  
"complete" solution of the soil continuum is prov ided. Pile-
group effects are therefore evaluated as a matter o f  course, 
thereby overcoming the approximations of traditional 
interaction factor approaches and the fundamental limitations 
of Winkler models (based on empirical multipliers to account  
for group action). In addition, by retaining soil continuity, the 
input soil parameters have a clear physical meaning (e.g. the 
soil Young's modulus and strength properties) and can be 
measured directly in soils investigation. 

A detailed description of the theoretical formulation adopted 
in PGROUPN is reported in Basile (2003) and, hence, only  a  
brief outline of the method is given below. Following the 
typical BEM scheme, the pile-soil interface is discretized into 
a number of cylindrical elements, while the base is 
represented by a circular (disc) element, as illustrated in 
Figure 1. 

Figure 1 BEM schematisation of the problem 
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The analysis is based on a sub-structuring technique in which  
the piles and the surrounding soil (modelled using the well 
established solution of Mindlin, 1936) are considered 
separately and then coupled by imposing the compat ibility  
and equilibrium conditions at the pile-soil interface. Given 
unit boundary conditions, the pile and soil domains are 
solved, thereby leading to the distribution of displacements, 
stress, forces, and moments in the piles under the external 
loads. General 3D loading conditions (axial, lateral, and 
moments) on each pile of the group can be examined. 

Non-linear soil response is modelled by adopting the common 
Duncan-Chang hyperbolic stress-strain model within a 
stepwise incremental procedure. The external loa ds on the 
piles are applied incrementally and, at each increment, a  
check is made that the stress state at the p ile-so il in terface 
does not violate the yield criteria. This is achieved by 
specifying limiting values at the pile-soil interface accord ing 
to the classical equations for the ultimate shaft and base 
resistance (e.g. Basile, 2003). The elements of the pile-soil 
interface which have yielded can take no additional loa d and 
any increase in load is therefore redistributed between the 
remaining elastic elements until all elements have failed. 

3. Influence of cap rigidity 

In practical applications, a  simple check on the assumption of 
cap rigidity may be performed by calculating the raft-soil 
stiffness ratio (Krs) as defined by Horikoshi a nd Randolph  
(1997): 
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where the subscripts r and s denote the raft and soil 
properties, respectively, E is the Young's modulus, v is the 
Poisson's ratio, Br is the raft width, Lr is the raft length (with  

Br ≤ Lr), and tr is the raft thickness. In the case of layered so il 
profiles, Es is the representative soil Young's modulus 
beneath the raft and may be taken as the weigh ted  average 
value over a representative depth equal to the raft equivalent 
radius, i.e.: 

𝐸𝐸𝐸𝐸𝑟𝑟𝑟𝑟 =
∑ ℎ𝑖𝑖𝑖𝑖𝐸𝐸𝐸𝐸𝑠𝑠𝑠𝑠𝑖𝑖𝑖𝑖𝑛𝑛𝑛𝑛
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    (2) 

where hi is the thickness of layer i, Esi is the soil Young's 
modulus of layer i, n is the number of soil layers with in  the 
representative depth, and �𝐵𝐵𝐵𝐵𝑟𝑟𝑟𝑟𝐿𝐿𝐿𝐿𝑟𝑟𝑟𝑟/𝜋𝜋𝜋𝜋 is the raft equivalent 
radius. In the selection of the Es value to be used in Equ . (1 ), 
it is also important to account for the appropriate strain level 
applied to the soil by the foundation. As an indication, 
following O'Brien (2012), a  secant value of Es equal to  70% 
of the small strain value may generally be a dop ted f o r p ile 
groups designed with a typical factor of safety of about two. 

The following limits for Krs values resulting from Equ. (1) are 
recommended, as illustrated in Figure 2: 

● For Krs < 0.01, the raft behaves as "fully flexible", i.e. p iles 
can be considered as not connected by cap (and hence 
interacting with each other only through the soil). In this case, 
the raft is unable to redistribute external load between the 
piles and hence the loads acting on each pile are equal to  the 
actual loads applied on that pile. Assessment of d iff erent ial 
settlements (and angular distortion) across the pile group  is a  
key design issue. For design purposes, a  higher limit for Krs 
may be adopted and rafts with Krs < 0.1 can generally be 
considered as "practically flexible". 

● For 0.1 < Krs < 1.5, the raft has an "intermediate" st if fness 
which should properly be considered in design via a su itable 
numerical analysis, given that the raft-soil interaction will 
have a dominant role on raft behaviour. 

 
Figure 2 Krs database and relationship with tr/Dequ 
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Table 1 Details of real cases considered in Krs database 

 

Case Reference Description n
L p 

(m)
s/D

L r 

(m)
B r 

(m)
D r 

(m)
t r 

(m)
t r /D equ

E s 

(MPa)
K rs

1 Author's database Viaduct 20 36.0 3.0 15.5 13.2 - 2.00 0.12 23 12.8

2 Author's database Viaduct 12 22.1 3.4 19.5 5.1 - 1.50 0.13 14 2.72

3 Author's database Building 220 18.0 6.1 42.6 22.3 - 0.91 0.03 88 0.01

4 Author's database Building 18 13.0 5.0 25.1 6.3 - 0.76 0.05 57 0.04

5 Author's database Building 159 31.0 2.5 54.1 34.1 - 3.50 0.07 600 0.07

6 Author's database Viaduct 10 15.1 5.2 6.3 1.4 - 1.00 0.30 4 78.8

7 Author's database Building 36 15.0 - 19.8 9.8 - 2.00 0.13 26 5.49

8 Author's database Tank 40 9.0 - - - 20.6 2.40 0.12 31 20.9

9 Author's database Viaduct 8 16.0 3.1 6.2 2.2 - 0.80 0.19 50 3.01

10 Author's database Wind turbine 26 7.5 - - - 17.2 2.50 0.15 106 3.27

11 Author's database Bridge 4 5.0 2.5 2.7 2.7 - 1.40 0.45 26 859

12 Author's database Building 45 10.0 3.1 24.0 12.0 - 1.50 0.08 83 0.35

13 Author's database Wind turbine 16 25.0 - - - 17.5 1.20 0.07 92 0.69

14 Author's database Building 35 25.0 3.0 5.9 4.1 - 0.90 0.16 21 24.7

15 Badellas et al. (1988) Tank 112 40.7 3.2 - - 37.6 0.80 0.02 35 0.05

16 Rampello et al. (2004) Chimney 74 56.7 2.7 - - 30.5 3.00 0.10 90 1.94

17 Liew et al. (2002) Tank 137 27.9 4.3 - - 19.5 0.50 0.03 11 0.23

18 Borsetto et al. (1991) Chimney 281 25.0 3.3 - - 30.4 4.25 0.14 154 3.33

19 Author's database Viaduct 20 23.0 3.0 17.2 12.9 - 2.00 0.12 38 5.51

20 Author's database Building 288 17.3-
37.0 2.9 64.6 46.4 - 3.00 0.05 220 0.06

21 Author's database Building 15 9.0 2.6 14.2 5.2 - 1.00 0.10 80 0.31

22 Author's database Building 93 23.0 3.0 10.4 8.0 - 1.20 0.12 175 1.05

23 Author's database Bridge 30 15.0 3.0 20.0 6.0 - 1.50 0.12 6 7.04

24 Author's database Building 36 15.0 2.5 19.8 9.8 - 2.00 0.13 26 5.46

25 Author's database Wind turbine 40 8.5 - - - 20.6 2.40 0.12 34 6.30

26 Author's database Wind turbine 38 16.7 - - - 16.4 2.90 0.18 21 56.1

27 Author's database Bridge 5 18.9 1.5 11.1 6.6 - 2.25 0.23 5 224

28 Author's database Building 12 10.0 3.8 12.8 7.3 - 1.50 0.14 166 1.33

29 Sommer et al. (1985) Building 42 20.0 3.6 24.5 17.5 - 2.50 0.11 49 2.72

30 Tazoh et al. (1987) Bridge 64 22.0 2.5 12.0 12.0 - 1.75 0.13 7 61.5

31 Reul & Randolph (2004) Building 25 22.0 - - - - 3.50 0.07 - 0.30

32 Reul & Randolph (2004) Building 64 31.0 - 58.8 58.8 - 6.00 0.09 - 1.40

33 Reul & Randolph (2004) Building 40 30.0 - - - - 4.70 0.08 - 0.60

34 Reul & Randolph (2004) Building 47 25.0 - - - - 2.00 0.02 - 0.04

35 Reul & Randolph (2004) Building 54 14.0 - 37.1 37.1 - 3.00 0.07 - 0.50

36 Author's database Viaduct 11 19.0 3.2 13.8 8.4 - 2.20 0.18 287 2.04

37 Kakurai et al. (1987) Tank 5 22.7 - - - 11.6 0.60 0.05 14 1.91

38 Author's database Wind turbine 24 31.0 - - - 18.0 2.50 0.14 27 21.7

39 Van Impe et al. (2015) Tank 422 21.5 4.8 - - 48.8 0.60 0.01 105 0.004

40 Jendeby (1986) Building 48 25.0 - 38.0 14.0 - 0.40 0.02 3 0.03

41 Pirrello & Poulos (2014) Building 172 46.1-
76.1 - 88.0 77.5 - 5.50 0.06 95 0.38

42 Author's database Building 174 50.0 2.9 49.4 34.2 - -0.27 0.05 109 0.17

43 Chow & Small (2008) Tank 180 26.5 - 71.0 61.2 - 0.90 0.01 53 0.006

44 Cooke et al (1981) Building 351 13.0 3.6 43.3 19.2 - 0.90 0.03 160 0.005

45 Author's database Building 149 25.0 10.6 70.4 36.4 - 2.00 0.04 123 0.02
Note: n = No. of piles, L p = pile length, s/D = pile spacing, L r = raft length, B r = raft width, D r = raft diameter, t r = raft 
thickness, D equ = raft equivalent diameter, E s = soil Young's modulus, K rs = raft-soil stiffness ratio
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The analysis is based on a sub-structuring technique in which  
the piles and the surrounding soil (modelled using the well 
established solution of Mindlin, 1936) are considered 
separately and then coupled by imposing the compat ibility  
and equilibrium conditions at the pile-soil interface. Given 
unit boundary conditions, the pile and soil domains are 
solved, thereby leading to the distribution of displacements, 
stress, forces, and moments in the piles under the external 
loads. General 3D loading conditions (axial, lateral, and 
moments) on each pile of the group can be examined. 

Non-linear soil response is modelled by adopting the common 
Duncan-Chang hyperbolic stress-strain model within a 
stepwise incremental procedure. The external loa ds on the 
piles are applied incrementally and, at each increment, a  
check is made that the stress state at the p ile-so il in terface 
does not violate the yield criteria. This is achieved by 
specifying limiting values at the pile-soil interface accord ing 
to the classical equations for the ultimate shaft and base 
resistance (e.g. Basile, 2003). The elements of the pile-soil 
interface which have yielded can take no additional loa d and 
any increase in load is therefore redistributed between the 
remaining elastic elements until all elements have failed. 

3. Influence of cap rigidity 

In practical applications, a  simple check on the assumption of 
cap rigidity may be performed by calculating the raft-soil 
stiffness ratio (Krs) as defined by Horikoshi a nd Randolph  
(1997): 
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where the subscripts r and s denote the raft and soil 
properties, respectively, E is the Young's modulus, v is the 
Poisson's ratio, Br is the raft width, Lr is the raft length (with  

Br ≤ Lr), and tr is the raft thickness. In the case of layered so il 
profiles, Es is the representative soil Young's modulus 
beneath the raft and may be taken as the weigh ted  average 
value over a representative depth equal to the raft equivalent 
radius, i.e.: 

𝐸𝐸𝐸𝐸𝑟𝑟𝑟𝑟 =
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where hi is the thickness of layer i, Esi is the soil Young's 
modulus of layer i, n is the number of soil layers with in  the 
representative depth, and �𝐵𝐵𝐵𝐵𝑟𝑟𝑟𝑟𝐿𝐿𝐿𝐿𝑟𝑟𝑟𝑟/𝜋𝜋𝜋𝜋 is the raft equivalent 
radius. In the selection of the Es value to be used in Equ . (1 ), 
it is also important to account for the appropriate strain level 
applied to the soil by the foundation. As an indication, 
following O'Brien (2012), a  secant value of Es equal to  70% 
of the small strain value may generally be a dop ted f o r p ile 
groups designed with a typical factor of safety of about two. 

The following limits for Krs values resulting from Equ. (1) are 
recommended, as illustrated in Figure 2: 

● For Krs < 0.01, the raft behaves as "fully flexible", i.e. p iles 
can be considered as not connected by cap (and hence 
interacting with each other only through the soil). In this case, 
the raft is unable to redistribute external load between the 
piles and hence the loads acting on each pile are equal to  the 
actual loads applied on that pile. Assessment of d iff erent ial 
settlements (and angular distortion) across the pile group  is a  
key design issue. For design purposes, a  higher limit for Krs 
may be adopted and rafts with Krs < 0.1 can generally be 
considered as "practically flexible". 

● For 0.1 < Krs < 1.5, the raft has an "intermediate" st if fness 
which should properly be considered in design via a su itable 
numerical analysis, given that the raft-soil interaction will 
have a dominant role on raft behaviour. 
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Table 1 Details of real cases considered in Krs database 

 

Case Reference Description n
L p 

(m)
s/D

L r 

(m)
B r 

(m)
D r 

(m)
t r 

(m)
t r /D equ

E s 

(MPa)
K rs

1 Author's database Viaduct 20 36.0 3.0 15.5 13.2 - 2.00 0.12 23 12.8

2 Author's database Viaduct 12 22.1 3.4 19.5 5.1 - 1.50 0.13 14 2.72

3 Author's database Building 220 18.0 6.1 42.6 22.3 - 0.91 0.03 88 0.01

4 Author's database Building 18 13.0 5.0 25.1 6.3 - 0.76 0.05 57 0.04

5 Author's database Building 159 31.0 2.5 54.1 34.1 - 3.50 0.07 600 0.07

6 Author's database Viaduct 10 15.1 5.2 6.3 1.4 - 1.00 0.30 4 78.8

7 Author's database Building 36 15.0 - 19.8 9.8 - 2.00 0.13 26 5.49

8 Author's database Tank 40 9.0 - - - 20.6 2.40 0.12 31 20.9

9 Author's database Viaduct 8 16.0 3.1 6.2 2.2 - 0.80 0.19 50 3.01

10 Author's database Wind turbine 26 7.5 - - - 17.2 2.50 0.15 106 3.27

11 Author's database Bridge 4 5.0 2.5 2.7 2.7 - 1.40 0.45 26 859

12 Author's database Building 45 10.0 3.1 24.0 12.0 - 1.50 0.08 83 0.35

13 Author's database Wind turbine 16 25.0 - - - 17.5 1.20 0.07 92 0.69

14 Author's database Building 35 25.0 3.0 5.9 4.1 - 0.90 0.16 21 24.7

15 Badellas et al. (1988) Tank 112 40.7 3.2 - - 37.6 0.80 0.02 35 0.05

16 Rampello et al. (2004) Chimney 74 56.7 2.7 - - 30.5 3.00 0.10 90 1.94

17 Liew et al. (2002) Tank 137 27.9 4.3 - - 19.5 0.50 0.03 11 0.23

18 Borsetto et al. (1991) Chimney 281 25.0 3.3 - - 30.4 4.25 0.14 154 3.33

19 Author's database Viaduct 20 23.0 3.0 17.2 12.9 - 2.00 0.12 38 5.51

20 Author's database Building 288 17.3-
37.0 2.9 64.6 46.4 - 3.00 0.05 220 0.06

21 Author's database Building 15 9.0 2.6 14.2 5.2 - 1.00 0.10 80 0.31

22 Author's database Building 93 23.0 3.0 10.4 8.0 - 1.20 0.12 175 1.05

23 Author's database Bridge 30 15.0 3.0 20.0 6.0 - 1.50 0.12 6 7.04

24 Author's database Building 36 15.0 2.5 19.8 9.8 - 2.00 0.13 26 5.46

25 Author's database Wind turbine 40 8.5 - - - 20.6 2.40 0.12 34 6.30

26 Author's database Wind turbine 38 16.7 - - - 16.4 2.90 0.18 21 56.1

27 Author's database Bridge 5 18.9 1.5 11.1 6.6 - 2.25 0.23 5 224

28 Author's database Building 12 10.0 3.8 12.8 7.3 - 1.50 0.14 166 1.33

29 Sommer et al. (1985) Building 42 20.0 3.6 24.5 17.5 - 2.50 0.11 49 2.72

30 Tazoh et al. (1987) Bridge 64 22.0 2.5 12.0 12.0 - 1.75 0.13 7 61.5

31 Reul & Randolph (2004) Building 25 22.0 - - - - 3.50 0.07 - 0.30

32 Reul & Randolph (2004) Building 64 31.0 - 58.8 58.8 - 6.00 0.09 - 1.40

33 Reul & Randolph (2004) Building 40 30.0 - - - - 4.70 0.08 - 0.60

34 Reul & Randolph (2004) Building 47 25.0 - - - - 2.00 0.02 - 0.04

35 Reul & Randolph (2004) Building 54 14.0 - 37.1 37.1 - 3.00 0.07 - 0.50

36 Author's database Viaduct 11 19.0 3.2 13.8 8.4 - 2.20 0.18 287 2.04

37 Kakurai et al. (1987) Tank 5 22.7 - - - 11.6 0.60 0.05 14 1.91

38 Author's database Wind turbine 24 31.0 - - - 18.0 2.50 0.14 27 21.7

39 Van Impe et al. (2015) Tank 422 21.5 4.8 - - 48.8 0.60 0.01 105 0.004

40 Jendeby (1986) Building 48 25.0 - 38.0 14.0 - 0.40 0.02 3 0.03

41 Pirrello & Poulos (2014) Building 172 46.1-
76.1 - 88.0 77.5 - 5.50 0.06 95 0.38

42 Author's database Building 174 50.0 2.9 49.4 34.2 - -0.27 0.05 109 0.17

43 Chow & Small (2008) Tank 180 26.5 - 71.0 61.2 - 0.90 0.01 53 0.006

44 Cooke et al (1981) Building 351 13.0 3.6 43.3 19.2 - 0.90 0.03 160 0.005

45 Author's database Building 149 25.0 10.6 70.4 36.4 - 2.00 0.04 123 0.02
Note: n = No. of piles, L p = pile length, s/D = pile spacing, L r = raft length, B r = raft width, D r = raft diameter, t r = raft 
thickness, D equ = raft equivalent diameter, E s = soil Young's modulus, K rs = raft-soil stiffness ratio
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● For Krs > 10, the raft behaves as "fully rigid" and is 
therefore able to redistribute external load between the p iles. 
In this case, the loads acting on each pile can be determined 
by means of pile-soil interaction analysis, while d if f erential 
settlements across the pile group are negligible. Based on the 
consideration that the Krs value of Equ. (1) does no t include 
the additional stiffening contribution prov ided by  the p iles 
and by the superstructure, a  lower limit for Krs may be 
assumed for design purposes and rafts with Krs > 1.5 m a y be 
considered as "practically rigid" (Randolph, 2003). 

The above definition of Krs has been used to verif y the ra ft  
rigidity in No. 52 real cases including both published case 
histories and projects from the author's database. The main  
features for each case are listed in Table 1, ranging from 
small pile groups for bridges to large piled rafts for high-rise 
buildings, so that they are believed to be representative o f  a 
broad range of practical problems. 

The computed Krs values for each case are plotted on a 
logarithmic scale in Figure 2, varying from values o f a bou t 
0.004 to 1000 (the best-fit power curve of the data set is a lso  
shown). In addition, in order to provide a sim ple geometric 
parameter purely based on the raft dimensions and 
independent of the raft and soil Young's modulus, the 
ordinate axis reports the corresponding tr/Dequ values (where 
𝐷𝐷𝐷𝐷𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 = 2�𝐵𝐵𝐵𝐵𝑟𝑟𝑟𝑟𝐿𝐿𝐿𝐿𝑟𝑟𝑟𝑟/𝜋𝜋𝜋𝜋 is the raft equivalent diameter). It may be 
observed that, for tr/Dequ > 0.10, the raft generally  tends to  
behave as a rigid raft, while for tr/Dequ < 0.05, the raft is likely 
to belong to the flexible category. The latter result  confirm s 
the findings of Poulos (2016), i.e. large rafts tend to behave as 
fully flexible rafts. The above limits for tr/Dequ may therefore 
be used for a preliminary indication of the raft rigidity  in  the 
absence of any information on the raft and soil Young's 
moduli (which is required for a more rigorous assessment o f  
the raft stiffness using Equ. 1). 

4. Numerical results 

4.1 Comparison with PIGLET and DEFPIG 
Accuracy of PGROUPN is assessed through a comparison 
with two established computer programs for pile-group 
analysis, i.e. PIGLET (Randolph, 2004) and DEFPIG 
(Poulos, 1990). A 9-pile group under vertical loading is 
analysed, as sketched in Figure 3a. The piles are embedded in  
a homogeneous elastic soil layer having a Young's m odulus 
of 50 MPa and a Poisson's ratio of 0.5. In order to investigate 
the effect of pile cap rigidity, two limiting conditions are 
considered, i.e. a  fully-rigid cap in which the total applied 
load is equal to 9 MN (i.e. an average of 1 MN/pile), a nd a  
fully-flexible cap in which the applied load on each pile head 
is equal to 1 MN. Results are reported in terms of the 
maximum values of pile settlement, differential set t lement , 
and normalised force (Pmax/Pave) in Figures 3b, 3c, and 3d, 
respectively, showing a good agreement between p rograms. 
From these figures, the following observations can be made: 

• the fully-flexible cap results in a larger (by about 
12%) value of maximum pile settlement as 
compared to the fully-rigid cap (clearly in the la t ter 
case the settlements of all piles are equal); 

• the fully-flexible cap allows the evaluation of 
differential settlements across the pile group; 

• in the case of fully-rigid cap, the cap redistributes 
external load between the piles, thereby result ing in  
a non-uniform load distribution, with the corner p ile 
carrying the greatest proportion of load and the 
centre pile carrying least; 

• for caps of intermediate stiffness, the two  lim it ing 
conditions of the cap stiffness will provide lower and 
upper bounds for the maximum values of pile 
settlement, differential settlement and force. 

 
Figure 3 (a) Group layout; (b) Pile settlement; (c) Pile differential settlement; (d) Pile force 
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5. Assessment of pile spring stiffnesses 

Structural design software generally offers the facility to 
model the foundation system as a raft slab supported by 
springs representing the piles. The stiffness of these sp rings 
(defined as load divided by displacement) should be assessed 
by the geotechnical engineer via a pile-group analysis which  
takes into account essential aspects such as pile-soil-pile 
interaction and soil nonlinearity. 

In order to determine the pile spring stiffness values, an 
iterative procedure between the structural analysis of the 
superstructure and the geotechnical pile-group analysis is 
commonly carried out. This requires the structural designer 
adjusting the spring stiffness values obtained from the 
geotechnical analysis until a  reasonable match between 
calculated displacements of the structural and geo technical 
analyses is obtained. The revised column loads are then 
provided back to the geotechnical engineer and the p rocess 
repeated until an acceptable level of convergence is achieved 
(usually within a few iterations). Different spring stiffness 
values are computed for each component of load (i.e. vertical, 
lateral and moment); although attention is herein focussed on 
the vertical spring stiffness values, a  similar approach can be 
adopted for assessing the lateral and rotational spring 
stiffnesses. However, vertical, lateral and moment loads 
should be considered separately in order to avoid unrealist ic  
stiffness values that can arise under some combinat ions o f  
vertical, lateral and moment loading. 

It is worth noting that, in the assessment of pile spring 
stiffness values via a pile-group analysis, the assumption o f  
fully-flexible cap is often a more reliable approach than that 
of fully-rigid cap (Poulos, 2017); thus, the proposed 
PGROUPN extension to the fully-flexible cap can have a 
useful role in design practice. In order to illustrate the 
application of the above approach, the 9-pile group previously 
described in Figure 3a with the ground profile reported in 
Table 2 is considered. Table 3 and Figures 4a-b report the 
vertical pile-head stiffness values (i.e. applied load divided by 
displacement) computed for the two limiting conditions of the 
cap stiffness. Considering that the ultimate pile capacity 
results in 8.6 MN, two loading conditions are selected, i.e. an 

average serviceability (SLS) load of 3.5 MN/pile (i.e. a  to ta l 
load on the group of 31.5 MN) and an average ultimate (ULS) 
load of 5.0 MN/pile (i.e. a  total load on the group of 45.0 
MN). The following features of behaviour are observed: 

● Different stiffness values are obtained for each pile location 
within the group, with the corner piles showing the largest 
stiffness and the centre pile (No. 5) the smallest one. This 
demonstrates the shortcomings of ignoring pile-soil-pile 
interaction effects and assuming constant spring stiffness 
values across the pile group (as incorrectly adopted by some 
structural engineers); 

● The stiffness values for the fully-flexible cap  assumpt ion  
show a more uniform distribution across the pile group  than  
those based on the fully-rigid cap assumption; 

● The group stiffness values are significantly lower than the 
single-pile stiffness value, thereby confirming the importance 
of considering pile-soil-pile interaction effects; 

● The stiffness values for the ULS case are significantly 
lower than those for the SLS case, thus attesting the value o f  
accounting for soil nonlinearity effects. 

Table 2 Ground model for non-linear analysis 

 
 

Table 3 Pile-group stiffness values 

 
 

Figure 4 Pile-head stiffness values: (a) SLS case; (b) ULS case 
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● For Krs > 10, the raft behaves as "fully rigid" and is 
therefore able to redistribute external load between the p iles. 
In this case, the loads acting on each pile can be determined 
by means of pile-soil interaction analysis, while d if f erential 
settlements across the pile group are negligible. Based on the 
consideration that the Krs value of Equ. (1) does no t include 
the additional stiffening contribution prov ided by  the p iles 
and by the superstructure, a  lower limit for Krs may be 
assumed for design purposes and rafts with Krs > 1.5 m a y be 
considered as "practically rigid" (Randolph, 2003). 

The above definition of Krs has been used to verif y the ra ft  
rigidity in No. 52 real cases including both published case 
histories and projects from the author's database. The main  
features for each case are listed in Table 1, ranging from 
small pile groups for bridges to large piled rafts for high-rise 
buildings, so that they are believed to be representative o f  a 
broad range of practical problems. 

The computed Krs values for each case are plotted on a 
logarithmic scale in Figure 2, varying from values o f a bou t 
0.004 to 1000 (the best-fit power curve of the data set is a lso  
shown). In addition, in order to provide a sim ple geometric 
parameter purely based on the raft dimensions and 
independent of the raft and soil Young's modulus, the 
ordinate axis reports the corresponding tr/Dequ values (where 
𝐷𝐷𝐷𝐷𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 = 2�𝐵𝐵𝐵𝐵𝑟𝑟𝑟𝑟𝐿𝐿𝐿𝐿𝑟𝑟𝑟𝑟/𝜋𝜋𝜋𝜋 is the raft equivalent diameter). It may be 
observed that, for tr/Dequ > 0.10, the raft generally  tends to  
behave as a rigid raft, while for tr/Dequ < 0.05, the raft is likely 
to belong to the flexible category. The latter result  confirm s 
the findings of Poulos (2016), i.e. large rafts tend to behave as 
fully flexible rafts. The above limits for tr/Dequ may therefore 
be used for a preliminary indication of the raft rigidity  in  the 
absence of any information on the raft and soil Young's 
moduli (which is required for a more rigorous assessment o f  
the raft stiffness using Equ. 1). 

4. Numerical results 

4.1 Comparison with PIGLET and DEFPIG 
Accuracy of PGROUPN is assessed through a comparison 
with two established computer programs for pile-group 
analysis, i.e. PIGLET (Randolph, 2004) and DEFPIG 
(Poulos, 1990). A 9-pile group under vertical loading is 
analysed, as sketched in Figure 3a. The piles are embedded in  
a homogeneous elastic soil layer having a Young's m odulus 
of 50 MPa and a Poisson's ratio of 0.5. In order to investigate 
the effect of pile cap rigidity, two limiting conditions are 
considered, i.e. a  fully-rigid cap in which the total applied 
load is equal to 9 MN (i.e. an average of 1 MN/pile), a nd a  
fully-flexible cap in which the applied load on each pile head 
is equal to 1 MN. Results are reported in terms of the 
maximum values of pile settlement, differential set t lement , 
and normalised force (Pmax/Pave) in Figures 3b, 3c, and 3d, 
respectively, showing a good agreement between p rograms. 
From these figures, the following observations can be made: 

• the fully-flexible cap results in a larger (by about 
12%) value of maximum pile settlement as 
compared to the fully-rigid cap (clearly in the la t ter 
case the settlements of all piles are equal); 

• the fully-flexible cap allows the evaluation of 
differential settlements across the pile group; 

• in the case of fully-rigid cap, the cap redistributes 
external load between the piles, thereby result ing in  
a non-uniform load distribution, with the corner p ile 
carrying the greatest proportion of load and the 
centre pile carrying least; 

• for caps of intermediate stiffness, the two  lim it ing 
conditions of the cap stiffness will provide lower and 
upper bounds for the maximum values of pile 
settlement, differential settlement and force. 

 
Figure 3 (a) Group layout; (b) Pile settlement; (c) Pile differential settlement; (d) Pile force 
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5. Assessment of pile spring stiffnesses 

Structural design software generally offers the facility to 
model the foundation system as a raft slab supported by 
springs representing the piles. The stiffness of these sp rings 
(defined as load divided by displacement) should be assessed 
by the geotechnical engineer via a pile-group analysis which  
takes into account essential aspects such as pile-soil-pile 
interaction and soil nonlinearity. 

In order to determine the pile spring stiffness values, an 
iterative procedure between the structural analysis of the 
superstructure and the geotechnical pile-group analysis is 
commonly carried out. This requires the structural designer 
adjusting the spring stiffness values obtained from the 
geotechnical analysis until a  reasonable match between 
calculated displacements of the structural and geo technical 
analyses is obtained. The revised column loads are then 
provided back to the geotechnical engineer and the p rocess 
repeated until an acceptable level of convergence is achieved 
(usually within a few iterations). Different spring stiffness 
values are computed for each component of load (i.e. vertical, 
lateral and moment); although attention is herein focussed on 
the vertical spring stiffness values, a  similar approach can be 
adopted for assessing the lateral and rotational spring 
stiffnesses. However, vertical, lateral and moment loads 
should be considered separately in order to avoid unrealist ic  
stiffness values that can arise under some combinat ions o f  
vertical, lateral and moment loading. 

It is worth noting that, in the assessment of pile spring 
stiffness values via a pile-group analysis, the assumption o f  
fully-flexible cap is often a more reliable approach than that 
of fully-rigid cap (Poulos, 2017); thus, the proposed 
PGROUPN extension to the fully-flexible cap can have a 
useful role in design practice. In order to illustrate the 
application of the above approach, the 9-pile group previously 
described in Figure 3a with the ground profile reported in 
Table 2 is considered. Table 3 and Figures 4a-b report the 
vertical pile-head stiffness values (i.e. applied load divided by 
displacement) computed for the two limiting conditions of the 
cap stiffness. Considering that the ultimate pile capacity 
results in 8.6 MN, two loading conditions are selected, i.e. an 

average serviceability (SLS) load of 3.5 MN/pile (i.e. a  to ta l 
load on the group of 31.5 MN) and an average ultimate (ULS) 
load of 5.0 MN/pile (i.e. a  total load on the group of 45.0 
MN). The following features of behaviour are observed: 

● Different stiffness values are obtained for each pile location 
within the group, with the corner piles showing the largest 
stiffness and the centre pile (No. 5) the smallest one. This 
demonstrates the shortcomings of ignoring pile-soil-pile 
interaction effects and assuming constant spring stiffness 
values across the pile group (as incorrectly adopted by some 
structural engineers); 

● The stiffness values for the fully-flexible cap  assumpt ion  
show a more uniform distribution across the pile group  than  
those based on the fully-rigid cap assumption; 

● The group stiffness values are significantly lower than the 
single-pile stiffness value, thereby confirming the importance 
of considering pile-soil-pile interaction effects; 

● The stiffness values for the ULS case are significantly 
lower than those for the SLS case, thus attesting the value o f  
accounting for soil nonlinearity effects. 

Table 2 Ground model for non-linear analysis 

 
 

Table 3 Pile-group stiffness values 

 
 

Figure 4 Pile-head stiffness values: (a) SLS case; (b) ULS case 
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6. Case history 

An example where the assumption of fully-flexible cap could  
be applied is that reported by Thorburn et al. (1983) for a 
molasses storage tank. The tank has a diameter of 12.5 m and 
is supported by a group of 55 precast concrete d riven  p iles 
with a length of 29.0 m, a square section of 0.25 m, a Young's 
modulus of 26 GPa, and laid out on a triangular grid at a  
spacing of 2.0 m. The piles were not connected by a cap and a 
2.0 m thick pad of dense granular material wa s const ructed 
over the pile heads. Following Randolph (1994), the 
foundation soil can be modelled as a unique cohesive la yer 
with parameters linearly increasing with depth, i.e. an 
undrained shear strength given by the expression Cu = 6 + 
1.8z kPa and an initial value of soil Young's modulus (Es) 
based on a Es/Cu ratio of 750. The soil Poisson's ra tio  is 0 .5  
while the average pile adhesion factor (α) can be calculated 
as 0.82 based on Poulos (2017). 

Under a total applied load of 2,000 t (i.e. an average load o f  
357 kN/pile assuming uniform distribution among the 55 
piles), measured settlements were in the range 29-30 m m f or 
the piles located around the tank periphery, while the 
measured differential settlements across the pile group  were 
less than 10 mm (i.e. within the accuracy of the 
instrumentation used to measure such settlements). The above 
measurements compare well with those predicted by 
PGROUPN which computes a settlement in the range 29 -31  
mm for the edge piles and a maximum differential settlement  
of 7 mm between the centre and edge of the p ile group , a s 
shown in Figure 5. Finally, it is noted that the computat ional 
time required for the 55-pile group analysis (using the non-
linear soil model) is a  matter of a  few minutes on an ordinary 
computer, thereby confirming the value of  PGROUPN a s a 
practical numerical tool for pile group design. 

Figure 5 Measured and computed pile settlements 

 

7. Conclusions 

The paper has described an efficient analysis method, based  
on the 3D BEM solution of the code PGROUPN (i.e. the 
calculation engine of Repute software), for determin ing the 
non-linear response of pile groups with a fully -f lexib le cap 
(i.e. individual piles not connected by cap). As com pared  to  
the analysis with fully-rigid cap, the proposed extension to the 
fully-flexible cap can be useful in practice given that: 

• it allows computation of pile differential settlements 
and angular distortion across the pile group; 

• it avoids overestimation of forces a nd moments in  
the outer piles of the group; 

• it computes a larger (and hence more conservative) 
maximum pile settlement; 

• it can be valuable in the assessment of pile spring 
stiffness values for the superstructure analysis. 

The proposed method has been successfully compared with  
the results from alternative numerical solutions and field 
measurements which have confirmed the value of PGROUPN 
as a useful tool for pile group analysis. In addition, a  database 
of real cases has been collated showing the relationship 
between the raft geometry and rigidity. Results provide 
insight into the field of applicability of the rigid and f lex ible 
cap assumptions, indicating that most large rafts are likely  to  
belong to the fully-flexible category. 
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